With stated benefits ranging from increased thermal efficiency to significantly reduced NO x emissions, Homogeneous Charge Compression Ignition (HCCI) represents a promising combustion strategy for future engines. When achieved by reinducting exhaust gas with a variable valve actuation (VVA) system, however, HCCI possesses nonlinear cycle-to-cycle coupling through the exhaust gas and lacks an easily identified trigger comparable to spark or fuel injection. This makes closed-loop control decidedly nontrivial. To develop a controller for HCCI, the engine cycle is partitioned into five stages: adiabatic, constant pressure induction of re-inducted product and reactant charge; isentropic compression to the point just prior to combustion initiation; constant volume combustion; isentropic expansion of product gases; isentropic exhaust of product gases. Using this framework, a nonlinear low-order model of HCCI combustion is formulated, where the input is the molar ratio of reinducted products to fresh reactants and the output is the peak in-cylinder pressure. Comparison with experimental in-cylinder pressure data shows that the model, while simple, offers reasonable fidelity. Using the nonlinear model, a linearized model and an accompanying LQR controller are formulated and implemented on a more detailed model presented in previous work. Results from these simulations show that the modeling and control approach is indeed successful at tracking a varying desired work output while maintaining a constant desired combustion phasing.
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Introduction
Homogeneous charge compression ignition (HCCI) holds great promise as a means to reduce NO x emissions in internal combustion engines . HCCI is achieved by increasing the sensible energy of a well mixed reactant charge, allowing ignition to occur by compression alone. This leads to a low post-combustion temperature, which significantly reduces NO x emissions. There are several methods to initiate HCCI, such as heating or pre-compressing the intake air (Tunestal et al. 2001 , Martinez-Frias et al. 2000 , varying the compression ratio (Christensen et al. 1999) or modulating intake and exhaust flows using variable valve actuation (VVA) , Law et al. 2001 , Kaahaaina et al. 2001 . Using the VVA system, products exhausted during the previous cycle are re-inducted and mixed with fresh charge, resulting in the required increase in reactant gas sensible energy.
Regardless of the method chosen, however, HCCI combustion exhibits some fundamental control challenges concerning combustion phasing and work output. Unlike spark ignition (SI) or diesel engines, where the combustion is initiated via spark and fuel injection, respectively, HCCI has no specific event that initiates combustion. Therefore, ensuring that combustion occurs with acceptable timing, or at all, is more complicated than in the case of either SI or diesel combustion. Combustion phasing in HCCI is dominated by chemical kinetics, which depends on the in-cylinder concentrations of reactants and products, their temperature and when they are allowed to begin mixing. Work output is dependent on both the combustion phasing and the amount of reactant species present in the cylinder. Thus to control HCCI achieved with VVA it is essential to understand how the valves influence mass flows and combustion phasing and how previous combustion cycles influence the temperature of the reinducted products.
The ability to phase HCCI and control work output on the system studied is a direct consequence of being able to vary the valve timings with the VVA system. The current approach taken is to leave the intake valve closing (IVC) and exhaust valve opening (EVO) times fixed and modulate the exhaust valve closing (EVC) and intake valve opening (IVO) times to control mass flows. If the desired result of valve motion is to induct a certain ratio of re-inducted products to fresh reactants, IVO and EVC are to some extent redundant. Any desired ratio can be achieved through an infinite number of combinations of IVO and EVC. In addition to its role in determining this ratio, however, IVO also determines when the reactant and re-inducted product gases begin to mix. This, in turn, influences combustion timing through the chemical kinetics. While the exact kinetics are quite complex, a simplified Arrhenius rate expression captures experimental data quite well (Shaver et al. 2003) and offers a very simple understanding of the process. In short, given two mixtures with identical ratios of re-inducted products and reactants at the same temperature, early IVO leads to a greater residence time in the cylinder and earlier phasing of combustion. In this way, both desired phasing and peak pressure can be controlled simultaneously by varying IVO and EVC. Here desired phasing is assumed to be constant and the control problem then becomes how to vary IVO and EVC to achieve this phasing while tracking a changing load on a cycle-to-cycle basis.
To synthesize a controller capable of this task, the system model used must capture the cycle to cycle interactions arising from the fact that the temperature of the re-inducted exhaust gases depends upon the previous combustion event. In ongoing work (Shaver et al. 2003 , Shaver et al. 2004 ), a higher order (10-state) model of HCCI combustion has been formulated, showing very good correlation with experimental combustion phasing and in-cylinder pressure values as the engine cycle evolves. This paper outlines a highly simplified version of this model for constant speed operation that focuses on the evolution of the peak cylinder pressure (which is directly related to work output at constant phasing). Since the molar ratio of re-inducted products to fresh reactants can be controlled through some combination of IVO and EVC while leaving phasing constant, this ratio is chosen as the input of the model.
This low-order model is formulated by discretizing the various processes which occur during a HCCI combustion engine cycle, then linking them together. A map from the desired incylinder ratio of fresh reactant charge and re-inducted products to the required IVO and EVC valve timing is then realized through simulation of the induction process. Together, the model relating composition with peak pressure and the map from desired composition to VVA valve timing complete the mathematical description of HCCI combustion achieved through the use of VVA. The model is then linearized about an operating point and used to synthesize an LQR control law. Implemented on the 10-state model, this control law is able to successfully control both combustion phasing and peak pressure, therefore indirectly controlling work output. The results are very promising, suggesting that the controller synthesis strategy developed in this work is a very good candidate for future experimental implementation.
Modeling Approach
The framework for modeling HCCI combustion in a simple way involves partitioning the engine cycle into five stages:
1. Mixing of reactant and re-inducted product gases during a constant pressure, adiabatic induction process 2. Isentropic compression to the point where combustion initiates 3. Constant volume combustion to major products 4. Isentropic expansion to the point where the exhaust valve opens 5. Isentropic expansion through the exhaust valve.
In order to facilitate this, the thermodynamic state of the system at several points is tracked, as shown in Figure 1 thermodynamic state considered follows the stage 1 induction process, which occurs at the intake valve closing (IVC) location. At this point the reactant charge and re-inducted product gases are assumed to be homogeneously mixed throughout the combustion chamber. During stage 2, isentropic compression is assumed. The thermodynamic state of the system is expressed at the end of this stage and is related directly to the post-induction condition following the induction stage. Constant volume combustion is then assumed during stage 3 at a fixed combustion phasing, producing the major products of combustion at an elevated temperature and pressure. The thermodynamic state at this point is evaluated with respect to the previous ones. Heat transfer during the constant volume combustion stage is included to approximate the total amount of in-cylinder heat transfer that occurs during the engine cycle. The assumption that the combustion event phasing occurs at a consistent point just past top dead center is motivated by previous experimental work which shows that as long as the IVO and EVC timings lie along a particular linear map the combustion phasing is relatively constant. This will be discussed in more detail in Section 7. Post-combustion, the stage 4 expansion process is assumed isentropic. It progresses until exhaust valve opening (EVO) occurs. The major product gases are then assumed to exhaust isentropically to the exhaust manifold. The thermodynamic state of the system is evaluated at this point by assuming atmospheric pressure in the exhasut manifold. The re-inducted product temperature on the next cycle is then related to the fifth thermodynamic state temperature from the previous cycle. Note that at points between stages, the cylinder volume is known (see Figure 1) , which is necessary information in linking the thermodynamic states of the system together. Following this method, a model of HCCI combustion can be formulated from a system input related to the composition of the inducted reactants and products and the system output, the peak pressure. It will be clear from this model that cycle-to-cycle dynamics are present due to the re-induction of product species from the previous cycle.
Instantaneous Mixing of Species
The low-order model of HCCI combustion presented in this paper relates the composition of gases inducted into the cylinder to the in-cylinder peak pressure. The ratio of the moles of re-inducted product to the moles of inducted reactant charge, defined as α, quantifies the composition of the in-cylinder gas prior to combustion. The low-order model will be formulated in such a way that α will be the input to the system. Using this definition of inducted gas composition, the mixing of the reactant and re-inducted product species during the induction process can be represented as:
where φ is the equivalence ratio, which is a measure of the relative amounts of fuel, C 3 H 8 , and oxidizer, air, in the reactant charge inducted through the intake. The first law of thermodynamics applied during the induction process is:
where the total internal energy in the cylinder is mu, the heat transfer during induction isQ induction , and the work due to the piston movement isẆ = pV . The reactant mass flow rate through the intake and re-inducted product mass flow rate through the exhaust areṁ rct andṁ prod , with corresponding enthalpies in the intake and exhaust manifolds of h 1,rct and h 1,prod . With the following assumptions:
1. no heat transfer during induction:Q induction = 0 2. constant in-cylinder pressure:ṗ = 0 3. intake and exhaust manifold conditions do not change during induction process and the relation that h = u + pν:
When this equation is integrated from the beginning to the end of the induction process with the assumption of manifold conditions not varying during induction, the resulting expression is:
where N i is the number of moles of species i andh i is the molar enthalpy of species i. Assuming that the molar enthalpy of species i can be approximated using a specific heat,c p,i that is constant with temperature, then:
where ∆ fhi is the molar heat of formation of species i, and T re f is the reference temperature corresponding to the heat of formation.
Substitution of Equation 5 into Equation 4
, applied to Equation 1 yields after rearrangement, the following:
where:
The reinducted product species are assumed to have a temperature, T 1,prod (k), that is directly related to the temperature of the exhausted products from the last cycle, T 5 (k − 1), by the simple relation:
This simple relation is meant to represent heat transfer. More complex models of exhaust manifold heat transfer could be used, and likely would be needed for operation at various speeds. This expression, however, matches experimental observations reasonably well while keeping the relation as simple as possible. Substituting 9 into 6, leads to:
Isentropic Compression to Pre-Combustion State
With the assumption that the compression stage occurs isentropically, the thermodynamic state of the system prior to and following the stage may be related with the following well known relations for an ideal gas:
where γ is the specific heat ratio.
Constant Volume Combustion
In order to model HCCI combustion in a very simple way, it is assumed that the combustion reaction phase, from reactants to products, occurs instantaneously just past top dead center homogeneously throughout the piston chamber. This requires that the inducted reactants and products be mixed in such a way that combustion phasing remains constant, a point addressed later. The instantaneous combustion assumption is justified by the fact that HCCI combustion is typically very fast. It is further assumed that only major products result from the mixture of reactants at an equivalence ratio, φ, such that the combustion reaction can be written as:
Since the system is closed during combustion (i.e. there are no flows into the system), the first law of thermodynamics during combustion is:
The assumption that combustion occurs quickly implies that the volume change during combustion is negligible. In that case the piston work term,Ẇ = pV , is approximately zero. The first law then becomes:
Integrating this expression results in:
A model for the in-cylinder heat transfer during combustion is necessary. This is obtained by assuming that the total amount of heat transfer is a certain percentage of the chemical energy available from the combustion reaction:
where LHV C 3 H 8 is referred to as the lower heating value for propane, and is defined as: , results in an expression for the post-combustion internal energy:
which can then be expanded to:
Applying the constant specific heat assumption, Equation 5, to the expanded form of the post-combustion internal energy expression, Equation 20, gives:
The in-cylinder pressure following the constant volume combustion stage, P 3 (k), can be related to the temperature at that point, T 3 (k), using the following derivation. The number of moles in the cylinder following the compression stage can be expressed by using the ideal gas law:
The number of moles in the cylinder following combustion, N 3 , can be related to N 2 by inspection of Equation 13 by:
where f = 24.8/25.8. The ideal gas law applied to state 3 gives:
Assembling Equations 23-25 with Equations 11 and 12, and solving for P 3 gives the following relation between temperature and pressure:
Isentropic Expansion
The fourth stage of HCCI is approximated as isentropic volumetric expansion following the constant volume combustion stage. This results in the relations for the thermodynamic state of the system following the expansion as:
Isentropic Expansion through the Exhaust Valve to Atmospheric Pressure
The exhaust stage is also assumed to be isentropic. With the additional assumption that the pressure in the exhaust manifold is atmospheric, the in-cylinder temperature following the expansion stage can be related to the temperature of the product gas following the exhaust stage:
3 Discrete Nonlinear Reduced-Order Pressure Equation By linking the distinct processes which occur during HCCI combustion -combining Equations 10, 11, 21, 26, 27, 28 and 29 -a relation between the input to the system, α, and the postcombustion temperature can be realized:
The presence of cycle-to-cycle dynamics is evident by inspection of Equation 30, as the current cycle peak temperature is related to that of the previous cycle.
In order to get the desired relationship between the input, α, and a measurable output (namely, peak pressure), Equations 26 and 30 can be combined to arrive at a closed loop system equation for the peak pressure, with α as the input. With the approximation that (1 + α k )/( f + α k ) ≈ 1, this relation is:
(31) where: 
Model Comparison with Experiment
With the large number of assumptions made in this modeling approach, a comparison with experimental results is necessary to gain confidence in the resulting model. A series of experiments at three different operating conditions were made on the singlecylinder research engine utilizing fully flexible variable valve actuation (VVA). Variations in operating condition were made by adjusting the exhaust valve closing (EVC) and intake valve opening (IVO) positions, effectively changing the ratio of re-inducted products and reactants. Figure 1 shows the general valve profile used on the research engine. Measurement of the in-cylinder pressure, p, is available on the research engine through the use of a pressure transducer. The average inlet air flow rate,V , is available by evaluating the pressure drop across a laminar flow element located on the inlet section. temperature is measured using a thermocouple. The experimental values are given in Table 1 for each of three cases considered experimentally.
The total volume flow of reactant mixture through the intake during an engine cycle, V inlet , is related to the average inlet air flow rate and the cycle time, t cycle , by:
With the assumption that the reactant charge is inducted under atmospheric conditions and behaves as an ideal gas, the total number of moles of reactant species is:
Using the ideal gas law for the mixture of products and reactants in the cylinder at state 1:
Utilizing the argument presented in Section 2.1 of constant pressure, adiabatic mixing of the reactants and re-inducted products, Equation 10, can be used:
Here the specific heats are allowed to vary with temperature to provide the most accurate expression of the first law. Table 2 . The engine speed for these conditions was 1800 rpm. Equation 31 can then be used to find the values of peak pressure predicted by the low-order model. These values are presented in Table 3 . By inspection of Tables 1 and 3 it can be seen that the experimental and model predicted values of peak pressure show reasonably good correlation. The simplicity and predictive capabilities of this low-order modeling approach make it a good candidate for model-based controller synthesis.
Linearization of Pressure Relation
Equation 31 can be further simplified by linearization about an operating point (ᾱ,P), using the straightforward linear expansions for α and P:
and the Taylor expansion of the term P 1/γ k−1 taken to three terms:
Applying these to 31, and neglecting the cross terms of fluctuations (i.e.α kPk ,α kαk ,P kPk−1 ,P kαk−1αk , etc) leads to:
where β k is the normalized difference between desired and actual pressure as:
and: 
Linear Transfer Function and State Space Formulations Equation 47
can finally be written as a low-order discrete linear transfer function:
or in state space form:
LQR Controller synthesis
From the low-order linear model of HCCI combustion, a controller can be synthesized to track the desired in-cylinder peak pressure. In particular, a state feedback control law can be found with the form:
which minimizes the cost function:
This feedback control law is the standard linear quadratic regulator (LQR) with a controller output of α and full state feedback consisting of the previous cycles α and β, two easily attained values. With Q, R and N selected as:
the cost function becomes:
With this formulation, weights can be placed directly on both the output and input of the system, β and α, respectively.
Valve Timing Map
The control strategy presented uses the previous cycle's peak pressure, the desired peak pressure for the current cycle, and the value for α on the previous cycle to determine the desired α on the current cycle according to Equation 58. Before this can be implemented, however, a map from desired α to required valve timing (IVO/EVC) is necessary since it is in fact the valve timing that is controlled with the fully flexible VVA system. As presented in previous work ) a set of IVO/EVC valve timings that span the load range of HCCI combustion can be defined which exhibit low emissions of both hydro-carbon and NO x species. These operating points form a linear relation between IVO and EVC. Note that the conditions considered in Tables 1 -3 do indeed have valve timings which follow this linear relation. A key feature of this linear relation is that all valve timings along it produce a fairly consistent combusting phasing.
As noted previously, this is the reason why the constant volume combustion event is assumed to occur at this point. For the particular linear set of IVO and EVC valve timings considered here, combustion phasing initiation occurs at about 371 crank angle degrees. In order to relate valve timings to values of α, a series of simulations with valve timings along this linear IVO/EVC set were completed. This relation is shown to be nearly linear about a mean operating point (ᾱ,P) for absolute values of δ that do not exceed a value of 5, as shown in Figure 3 . Here the value of δ corresponds to a deviation from the valve timing (ĪVO,ĒVC) corresponding to the point at which the model linearization was made about (ᾱ,P). Mathematically this can be stated as:
While in fact this relationship does exhibit some dependence on the exhaust temperature due to the nature of the compressible flow equations, this is a fairly small effect and neglected for this implementation. Inverting this relationship, the valve timings can be obtained from knowledge of the desired α and the loop can be closed around the peak pressure in the cylinder. Figure 4 shows how the LQR controller is used in conjunction with the valve timing map in closed loop.
Controller Implementation on a 10-State Model of HCCI Combustion
The controller synthesized in the previous section can be implemented on a more complete model of HCCI combustion being developed in ongoing work (Shaver et al. 2004 ] ; the mass in the exhaust manifold, m e ; and the internal energy of the product gases in the exhaust, u e . Unlike the simplified model presented here, the more detailed model includes temperature dependence in the specific heats and the possibility of variable combustion phasing. In order to model HCCI combustion phasing in a simple and straightforward way, the model includes an integrated Arrhenius rate threshold approach described in detail in (Shaver et al. 2003) . Figures 5 and 6 show the correlation between this modeling approach and experimental data taken from the singlecylinder research engine. It can be noted by inspection that the model results of combustion phasing and pressure correlate very well with experiment. to IVO/EVC mapping methodology were applied in closed loop with the 10-state model. Figures 7 and 8 show the simulation results for peak pressure and combustion phasing as the desired peak pressure goes through a series of step changes. As expected, the combustion phasing is very consistent, with deviations less than one crank angle degree, once the controller begins to influence the system (i.e. after the first cycle). The closed loop response to the step changes in desired peak pressure are fairly rapid, and accurate after about 6 cycles. The specific response in desired peak pressure shown here is essentially arbitrary and controllers with more specific design objectives will be investigated in future work. 
